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If a positive definite bimeasure, M: d x d + C, on any measurable space (Q, &) 
is extendable to a complex measure M’, on the product u-algebra d @ &, one can 
define its trace Mi on the diagonal d of Q x Q. If M is not extendable, the delini- 
tion of Md fails, but the need for defining some measures on A which would act as 
A4> remains, especially in the spectral analysis and the analysis of the stationarity 
of weakly harmonizabie processes. In this paper, we fulfill this need with two types 
of measures concentrated on A or, more generally, on simple curves of 51 xG!. 
The first ones, which have been called quasi-trace measures, are constructed under 
the assumption that the given positive definite bimeasure M is a-finite. They have the 
expected properties. The second ones, which are called pseudo-trace measures, are 
constructed, whatever the positive delinite bimeasure M be, but they very often lead 
to new problems. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
1.1. Positiue Definite Bimeasures 
Let (Q, a) be a measurable space. A mapping M: d x d + C (where 
d x ~4 denotes the set of all measurable rectangles of Q x 52 and C the set 
of complex numbers) is called a positive definite bimeasure on (Q, s?) 
[ 15, Definition 11 if: 
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(i) M is a positive definite kernel on &‘x &, that is a kernel such 
that for all positive integer n, for all a,, . . . . a, E C and all A r, . . . . A, E d, 
i ajakM(Aj, A,)>& 
/,k= 1 
(ii) for every event AE d, the set function M(A, .) is a complex 
measure on the a-algebra SB. 
From (i), any positive definite bimeasure M on (52, &) has the Hermitian 
symmetry. Then from (ii) it is separately countably additive and can be 
written M(A x B) instead of M(A, B). Finally, it follows from a Nikodym 
convergence theorem [7, Corollary 111.7.41 that M(A, x A,) n _ +ao ) 0 
for every non-increasing sequence (A,, n 3 1) of events such that 
4 n-+‘m> 0. 
1.2. Trace of an Extendable Bimeasure 
If the given positive definite bimeasure M is extendable to a complex 
measure M’ on the product a-algebra d QZZZ’ and if the diagonal 
A = { (0, o), o E 52) of 52 x Q belongs to d @ d, its trace measure on A is 
the complex measure M> defined on d by M;(A) = M’( (A x 52) n A). 
This measure ML, as well as the trace measures of M’ on some other 
special d@&-measurable subsets of 52 x 52, is used in the theory of 
strongly harmonizable processes, for instance in the study of the 
stationarity or in the Fourier analysis of these processes (see [ 1 l] and the 
references therein). The same questions for a weakly harmonizable process 
[18, 191 which is not strongly harmonizable, that is, one in which the 
spectral bimeasure A4 is not extendable to a measure on &@04 (such 
processes exist, [S] ) lead to the problem of defining from A4 some new 
measures which would act as ML if it were defined [S, 6, 15, 161. 
1.3. Diagonal Measures 
To solve this problem, H. Niemi [lS] has introduced the notion of a 
diagonal measure of a bimeasure based on the invariant means of a semi- 
group [ 10, Section 171. He has only studied the trace measure of a 
bimeasure on the diagonal A. 
1.4. Quasi-trace Measures and Pseudo-trace Measures 
In this paper we bring two new solutions for the problem. The first one 
(Theorem 3.2) is given under the restriction that the positive definite 
bimeasure M is o-finite. The other one (Theorem 4.7) is given in the 
general case. They are respectively called quasi-trace measures and pseudo- 
trace measures to avoid confusion with Niemi’s diagonal measures. 
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Moreover, these measures may be concentrated on A or, more generally, 
on every simple curve of D x 0. Definition 2.1 characterizes these curves. 
The construction of the quasi-trace measures of any given a-finite 
positive definite bimeasure M (Definition 3.1 or [S]) is done in Section 3. 
It is based on the approximation of M by a sequence of complex measures. 
The quasi-trace measure on A is proven to be unique and to have proper- 
ties (Theorem 3.5) analogous to those of the diagonal measures [ 15, 
Theorem 31. Moreover, in the special case (Q, &) = (R, g(R)), where 
B’(R) is the usual cr-algebra of the Bore1 subsets of the set R of real 
numbers, the Fourier transforms of the quasi-trace measures on every 
straight lines are estimated (Theorem 3.8). This extends a previous result 
stated in [IS]. 
There exist positive definite bimeasures which are not a-finite [16, 
Example 1.41. For such a bimeasure, the theory expounded in Section 3 
does not apply. So we propose in Section 4 some new measures called 
pseudo-trace measures associated with a given positive definite bimeasure 
M, whatever it is (Theorem 4.7). Their constructions are founded on series 
expansions of M (Theorems 4.4 and 4.5) in the reproducing kernel Hilbert 
space 2(M). The pseudo-trace measures are less satisfactory than the 
quasi-trace measures and generate some new problems. 
Our constructions of measures are founded on a Chatterji domination 
lemma [4, Lemma 21 which states that for any positive definite bimeasure 
M: d x &? + C there exists a non-negative bounded measure m on d such 
that for every bounded measurable function f: Q -+ C, the inequalities 
hold, where the integral with respect to the positive definite bimeasure A4 
is defined according to [18, Section 1.3, or 193. Such a measure m is said 
to dominate M. 
2. SUPPORTS OF THE TRACE MEASURES 
The aim of this section is to define the class of the m-dominated 
supports, that is, the class of the subsets of 51 XQ on which will be 
concentrated the various trace measures of a given positive definite 
bimeasure constructed in Sections 3 and 4. From now on, N denotes the set 
of non-negative integers. 
2.1. DEFINITION. Let m be a non-negative finite measure on (8, &). 
A subset S of Sz x Q is said to be an m-dominated support if: 
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(i) there exist two sequences (I,, TEN) and (J,, TEN) of countable 
families Z, = (I,,,, s E N) and J, = (J,,,, s E N) of d-measurable subsets of Sz 
such that: 
(a) for all r EN, the rectangles Z,,, x J,,,, HEN are pairwise dis- 
joint, 
(b) for all re N, (I,, l,s x J,, I,s, ZEN) is a refinement of 
Ur,sxJr,s, SEW, 
(~1 S=lim,+ +m 1 UssN(Zr.s~ JA 
(ii) there exists a non-negative m-integrable function f on Q: 
VrEN, .f;, ( I,,., + L,.,) G f m--a2 
It is clear that every m-dominated support is a member of d @ ~4. For 
the trace measures which are concentrated on a subset of the diagonal A 
of Sz x Sz, let us state the following definition. 
2.2. DEFINITION. A subset S of A is said to be a diagonal support if 
there exists a sequence (K,, r E N) of countable families K, = (K,,,, s E N) of 
d-measurable pairwise disjoint subsets of 52: 
(i) for all r E N, K, + 1 is a refinement of K,, 
(ii) S=lim,- +m lUseNVLxK,J. 
2.3. Remarks. The introduction of Definition 2.2 is justified by the fact 
that if S is an m-dominated support (according to Definition 2.1) and if, 
moreover, SE A, then S is a diagonal support (by putting K,,, = I,., n J,,,). 
Conversely, all the diagonal supports are m-dominated supports, whatever 
the non-negative finite measure m on (Q, &‘) is. 
Every diagonal support S is written in one way only, i.e. in the form 
S = (S* x Q) n A, where S* verifies 
If Sz is a separable metric space, and if d is the a-algebra of its Bore1 
subsets, let A E&. Then (A x 52) n A is a diagonal support, of which A is 
an example. 
If (Q, zz2) = (R, W(R)), all the straight lines, circles, and, more generally, 
all the simple curves of 0 x Q are m-dominated supports, whatever the 
non-negative finite measure m on (Q, &) is. 
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3. QUASI-TRACE MEASURES OF A O-FINITE BIMEASURE 
First, we recall the definition of the o-finite bimeasures ([S], Def. 2.2). 
3.1. DEFINITION. A positive definite bimeasure M on any measurable 
space (Q, G!) is said to be o-finite if there exists a non-decreasing sequence 
(B,, n E N) of d-measurable subsets of Q: 
(i) lim,,+,fB,=Q 
(ii) for every integer n, the positive definite bimeasure M, : d x d + C 
defined by M,(A x B) = M((A n B,) x (B n B,)) is extendable to a complex 
measure MI, on the product a-algebra & @ d. 
There exists a o-finite positive definite bimeasure which is not extendable 
to a complex measure on &’ @ d (an example of Edwards [8] is cited in 
[S]; it is a discrete positive definite bimeasure, see Section 4.9 hereinafter). 
Now, we can justify the definition of the quasi-trace measures. It is an 
extension of [S, Theorem 3.21, where (Q, d) = (R, g(R)) and S= A. 
3.2. THEOREM. Let M be a a-finite positive definite bimeasure on (62, &), 
m be a non-negative finite measure on (~2, d) which dominates M and S be 
an m-dominated support. Then, there exists a complex measure m, on 
(a, &) such that for all A E&, m,(A) = lim, _ + m Mi(t.4 x $2) n S). This 
measure m, does not depend on the sequence (B,, n E N). Moreover, it is 
absolutely continuous with respect to the dominating measure m. It will be 
called the quasi-trace measure of M on S. 
Proof. Let (M;,,, n EN) be the sequence of complex measures on 
(52, &‘) defined by M;s(A)=M,((A xi2)n S). Let A E&‘. Since S is 
m-dominated, it follows from Definition 2.1 that for every pair of non- 
negative integers (p, q) such that p > q we have 
(“~-M;)((AXR)n(~NtI,,XJ,,)))_;t W&-M;,,)(A). 
The definition of M; and MI,, the Schwarz inequality and the domination 
of the bimeasure M and of the set S by the measure m show that 
G 1 IMW n4,, n (BP-B,)) x (Jr,, n BP))1 
SEN 
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( 
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+ c m(AnI,,nB,) 
SEN ) ( 
112 
c m(J,,n (BP-Bq)) 
SEN > 
<(jB ~Bqfdm)1’2([Bpfdm)1’2+(jBqfdm)1’2(jBp~Bq fdm)“’ 
<2(ia fdm)‘:‘(jBopBqfdm)“2. 
Thus we have 
VAEd, I(M,,-M;,,)(A)l~2(j*fdm)1’2(j~~~ fdm)1’2. 
P q 
Since the function f is m-integrable and lim,, +m t B, = 62, the sequence 
(M;,,(A), n EN) is convergent. Let us denote its limit by m,(A). Then it 
follows from the Nikodym convergence theorem that the set function m, 
thus defined is a complex measure on (Q, d). 
In a quite similar way, one can prove that for all A E& we have 
Im,(A)I <(jAfdrn)l12 (jQfdm)l12. 
This shows that the measure m, is absolutely continuous with respect to m. 
It only remains to be shown that m, does not depend on the sequence 
(B,,ncN). Let (Bi, n EN) and (Bf, HEN) be two sequences of d- 
measurable subsets of Sz for which the relations (i) and (ii) of Definition 3.1 
hold. For all n EN, and for i = 1,2, let ML be the bimeasure on (52, ~4) 
defined by Mi(A x B) = M( (A n BL) x (B n Bh)), which is extendable to a 
complex measure on d@d denoted by Mr. Finally, let M$ be the 
corresponding trace measure on S. Then, we can prove as previously that 
for all A E&, we have 
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Since the function f is m-integrable, lim,, +ocI f Bf, = Q and 
lim n-r +a 7 Bz = 52, the right-hand side of this inequality vanishes as 
n -P + co. Hence, m, does not depend on (B,, n E N). This completes the 
proof. 
3.3. Remarks. If the positive definite bimeasure M under consideration 
is extendable to a measure M’ on the product a-algebra d 0 &, then the 
quasi-trace measure m, of A4 on every m-dominated support coincides with 
the usual trace measure M’, of M’ on S; that is, 
VAEd, m,(A)=M’((AxS2)nS)=M’,(A). 
If S is any diagonal support, the measure m, is non-negative and is 
absolutely continuous with respect to every non-negative finite measure m 
which dominates M. 
3.4. Integration with Respect to a Quasi-trace Measure 
The proof of the forthcoming statement will be omitted. It will be used 
in the proof of Theorem 3.8. 
THEOREM. Let M be any a-finite positive definite bimeasure on (52, &), 
let m be any non-negative measure which dominates M, and let S be any 
m-dominated support. Then, for each bounded measurable function rp : 52 + C 
we have 
5 do) MXdw do’) x 5 cp dms. s R 
3.5. Application to UBLS Processes 
The following result, the proof of which will also be omitted, is 
analogous to a theorem of Niemi [ 15, Theorem 31. It shows that the quasi- 
trace measures work as the diagonal measures in the theory of UBLS 
processes [20]. 
THEOREM. Let p: d + H be a Hilbert space valued measure on (52, zz’). 
Suppose that the positive definite bimeasure M associted with p by 
M(A x B)= (p(A), p(B)),, is a-finite and that there exists a constant K>, 1 
such that for allfinite d-measurable partitions {A,, . . . . A,,} of Sz andfor all 
a,, . . . . a, E C we have 
f ,$ tail2 MU,, Aj) 
J=l 
<K E lajl* M(A,, Aj). j=* 
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Then, for each diagonal support S = (S* x 52) n A and for each complex 
bounded measurable function g on Q, the quasi-trace measure m, of M on 
S satisfies the inequalities : 
3.6. Application to Harmonizable Processes 
Let X: R + Li(Q, d, P) be any weakly harmonizable process [18 or 
191. The unique a-additive set function ,u: W(R) + Li(Q, -c9, P) such that 
VtER, X(t) = jR e”“u(dx) 
is known as the spectral stochastic measure of X. 
If the spectral bimeasure M of X, that is, the positive definite bimeasure 
associated with X by 
VA, BEST, MU x B) = E(AA 1. P(B)), 
is extendable to a complex measure M’ on S?(R’), X is said to be strongly 
harmonisable. It is easy to prove that, for such a process, we have: 
3.7. THEOREM. Let X: R + L&(Q, d, P) be any strongly harmonizable 
process and D (ax + by + c = 0) be a straight line of R2. Then, we have 
sup 
where Mb is the trace on D of the measure M’ which extends the spectral 
bimeasure M of X. 
For example, if D = A this result has been known for a long time 
[19, Section 3). It admits the following extension: 
3.8. THEOREM. Let X: R + Lg(Q, d, P) be any weakly harmonizable 
process and D (ax+ by+ c = 0) be a straight line of R2. Suppose that the 
spectral bimeasure M of X is o-finite. Then, we have 
VSER, f[iE(X(au+s)X(-bu))e”“dumI eiJxmo(dx), 
R 
where m, is the quasi-trace measure of M on D. 
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Proof: Let m be any non-negative finite measure on (R, g(R)) which 
dominates M and let p be the spectral stochastic measure of X. The spec- 
tral bimeasure M being o-finite, it follows from Definition 3.1 that, for all 
n E N, the weakly harmonizable process X, defined by 
VtER, w=j e”“p( dx) = s ei’“pn(dx), B” R 
where ,uJA) = p(A n B,) is strongly harmonizable because its spectral 
bimeasure is M,, which is extendable to the complex measure M;. 
For all n EN, for all t > 0, and for all s E R, we have 
+ 
I j R 
e’““h&,(dx) - jR e”“m,(dx)l. 
Hence, the result follows from Theorems 3.4 and 3.7 and the inequality 
+ Ilx(au+s)-X,(au+s)ll.JIX,(-bu)II)du 
G2 IIPII (R). IMI (R-h,), 
where ll/~ll denotes the semi-variation of the stochastic measure ,u, since for 
all t E R and all n E N one has, from [7, Theorem IV.10.81: 
Let us remark that Theorem 3.8 is an extension of Theorem 3.2 of [S] 
which is stated under the additional assumption D = A. It means that every 
weakly harmonizable process is asymptotically stationary [IZ, 16, or 173 if 
its spectral bimeasure is o-finite. Further, its asymptotical spectral measure 
is the quasi-trace of M on A. 
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4. PSEUDO-TRACE MEASURES OF A BIMEASURE 
4.1. Reproducing Kernel Hilbert Space of a Bimeasure 
Let (Q, d) be any measurable space and M: d x d -+ C be a positive 
definite kernel. It is the reproducing kernel of a reproducing kernel Hilbert 
space denoted by X(M) [ 1, Part I]. Moreover, it is the covariance kernel 
of a centered strongly normal stochastic process CL: d + Li(S, 8, P) for 
some probability measure space (S, g, P) [ 13, Section 371. Thus, we have 
VA, BE&‘, MA x B) = -WA) .PL(B)). (1) 
Finally, if L’(p) denotes the closed linear space spanned by (p(A), A E d) 
in Lc(S, 9, P), for all U E L’(p), the set function i(U): G? -+ C defined by 
i(U)(A)=E(U-p(A)) is a member of X(M) and the linear mapping 
i: L2(p) + s(M) is unitary [ 14, Proposition 3.21. The following result is 
known (see, e.g., [3, pp. 38-391). For completeness we include a short 
proof. 
4.2. THEOREM. Let A4 be any positive definite bimeasure on (Q, &‘). 
Then, p is a stochastic measure and the reproducing kernel Hilbert space 
X(M) is a space of complex measures on (52, d). 
Proof It follows from (1) that p is an additive set function. Moreover, 
for every non-increasing sequence (A,, n B 1) of events such that 
AtI ,,+ +m) 121, we have 
ll~(4A’ = M(An x A,) z 0. 
Thus p is o-additive and every member m of H(M) is a complex measure 
on (52, &) because there exists a unique U E L2(p) such that 
\dAEd, m(A)=i(U)(A)=E(U.p(A)). 
4.3. Series Expansions of a Positive Definite Bimeasure 
From the general properties of the orthonormal bases of a Hilbert space 
[2, Chapter V, Section 2, no 3, Proposition 51, it is immediatly verified that 
4.4. THEOREM. Let M be any positive definite bimeasure on (a, &) and 
(mj, je J) be any orthonormal base of the reproducing kernel Hilbert space 
X(M). Then, for all events A and BE &, the families (mj(A) mj, jc J) and 
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tmjCA) mj(B)3 jEJ) are summable in Z(M) and in C, respectively, and 
satisfy 
M(Ax.)= 1 mj(A)mi (2) 
jcJ 
M(A x B) = C m,(A) m,(B). (3) 
jezJ 
Conversely, we have 
4.5. THEOREM. Let (mj, jE J) be a family of complex set functions 
defined on d such that for all events A and BE d, (mj(A) mj(B), je J) is 
summable. Then 
(i) the complex function M defined on d x d by (3) is a positive 
definite kernel ; 
(ii) for every jE J, mj is a member of X(M); 
(iii) for every A ESZZ, (mj(A) mj, jE J) is a summable family in X(M) 
for which (2) holds; 
(iv) the family (m,, jrz J) is complete in X(M). 
Furthermore, the positive definite kernel M is a bimeasure on (Sz, &) if and 
only tf (mi, je J) is a set of complex measures on (Q, &). 
Proof For every subset J,, of J let kfJo denote the kernel defined on 
dxdby 
VA, BE&, MJ,(~ B)= 1 mj(A) .mjW. 
isJo 
It is clear that M and M, are positive definite kernels. Hence, the kernel 
M- M, = M,-, is positive definite. This implies, by the kernels com- 
parison theorem [l, Theorem I, p. 3543, that X(M,,) c X(M) and that 
Vm E x(M,), llmll JP(M,(J 2 II4 .w”(M)- (4) 
In particular, for all je J, #(MIjl) E X’(M); that is, mjE S(M). 
Let A E & and E > 0. Since the family ( Imj(A)I *, jo J) is summable, there 
exists a finite subset J, of J: 
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Then, for every finite subset J, of J-J, we deduce from (4) and the 
reproducing property of M,, in X(M,,) that 
2 
Jr”(MJ,) 
=,s, Imj(A)I’ 
< E2. 
Hence, the family (mj(A) mj, Jo J) is summable in X(M). This implies 
that (2) holds because every sequence of functions which converges 
strongly in the Hilbert space X(M) converges also at every point in the 
ordinary sense. From (2) it is clear that (iv) holds. 
Finally, if M is a bimeasure, the set functions mj, Jo J, are complex 
measures on (8, d) from (ii) and the previous theorem. Conversely, for 
every A E& we deduce from CjEJ lmj(A)12 < + 00 that the set {~EJ, 
mj(A) # 0} is countable. Hence, from (3) and the Nikodym convergence 
theorem M(A, .) is a complex measure, so that M is a bimeasure. This 
completes the proof which may be used to obtain the following result due 
to Guilbart [9, Theorem 3.A.I): 
Let K: T x T + C be any positive definite kernel. Then, the 
reproducing kernel Hilbert space S(K) is separable tf and only tf 
there exists a sequence ( fn, n 2 1) of functions f, : T -+ C: 
VtE T, y IfnW12< + a 
n=l 
Vt, SE T, K(t> 8) = ‘c” f,(t) f,(s). 
4.6. The following theorem, the proof of which will be omitted, extends the 
relation (3) and reduces the integration with respect to a positive definite 
bimeasure to integrations with respect to complex measures. 
THEOREM. Let M be a positive definite bimeasure on (52, d) and let 
(mj, jE J) be a set of complex measures on (Sz, &‘) for which (3) holds. Then 
whatever the two bounded measurable functions f, g: Q + C are. 
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4.7. Pseudo-trace Measures of a Positive Definite Bimeasure 
THEOREM. Let M be any positive definite bimeasure on (Q, &‘), let m 
be a finite non-negative measure on (Sz, ~2’) which dominates M, and let 
S be any m-dominated support. Then for every set (mj, jG J) of complex 
,measures on (a, -pP) for which (3) holds and for all events A E d, the family 
(I(mj@mj)((A x 52) n S)l, jc J) is summable and the set function rnz defined 
by 
VAEd, m:(A)= 1 (mj@mj)((AxQ)nS) (5) 
js/ 
is a complex measure on (Q, &) which is absolutely continuous with respect 
to m. It will be called a pseudo-trace measure of M on S. 
Proof Let A be any event and JO be a finite subset of J. Since S is 
any m-dominated support, it follows from Definition 2.1, the Schwarz 
inequality, and the domination of the bimeasure M by the measure m that 
<lim,_ +a, 
(  
1 C Imj(A n ~,,,)I . Imj(Jr,,)I 
jeJO seN 
jeJ0 seN 
)“* .( 1 C l~~~Jr,s)12)“2 
je.lo scN 
<lim r+ +m l~~~A~l,s)lz)1’2 (C C l~~~J,,)I*)“’ 
je3 SEN 
( 
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=iGi r++m ~~NM((Anl,,,)x(Anl,,,)) sFN NJ,,, x Ji-,,I 
<(fA fdm)‘12.(j0 fdm)“*. 
This shows that 
,TJ l(fijOmjN(A xQ)ns)l< +a. 
Hence, we have proved that (5) defines a set function mf which is 
obviously additive. Since we have 
‘v’Ac&, ImB(A)I <(I fdm)“*-(JQ fdm)“‘, 
683/40/l-9 
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m,* is g-additive and absolutely continuous with respect to m. This achieves 
the proof of our theorem. 
4.8. Remarks. The definition of the pseudo-trace measures is natural. 
Nevertheless, various difficulties arise: 
(i) We do not know whether the pseudo-trace measure m,$ of M on 
S depends on the family (mj, j E J) of the complex measures which appear 
in the series expansion (3) of the bimeasure M (this series expansion is 
obviously not unique). 
(ii) If the positive definite bimeasure M is extendable to a measure 
M’ on the product a-algebra d @ -c4, we do not know whether M’, = rnz 
(or, equivalently, m, = mz). A fortiori, we do not know whether m, = m,* 
if the positive bimeasure M is a-finite. 
(iii) If the set of complex measures (mj, ~EJ) for which (3) holds 
satisfies the additional condition 
C (Imjl (f2))*< +m, (6) 
jef 
where lrnjl denotes the total variation of the measure mj then, for all 
A~d@d we have 
I(ej@mj)(A)l < I(ejOmj)I (~X~)=lmjl (a)*. 
Hence, a set function M* : d @ d + C is well defined by 
VAE~@&‘, M*(A)= 1 (6zj@mj)(A). 
jeJ 
It follows from the Nikodym convergence theorem (which is applicable 
because {j E J, Imj 1 (a) > 0) is countable) that it is a complex measure on 
&@LZZ’ and by (3) that it extends M. So M* = M’ and rn8 = M;= m, 
(from Remarks 3.3) whatever the m-dominated support S is. This implies 
that, under condition (6), rn4 does not depend on the set of complex 
measures for which (3) holds. Here is another example such that m, = mz. 
4.9. Pseudo-trace Measures on Diagonal Supports of a Discrete Positive 
Definite Bimeasure 
DEFINITION. Under the assumption that the c-algebra d contains the 
points {w} of 52, we shall say that a positive delinite bimeasure M on 
(Q, &) is discrete if there exists a countable subset a,+, of 52: 
VA, BE&, M(AxB)=M((AnQ,)x(BnQ,)). 
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4.10. THEOREM. Every discrete positive definite bimeasure M on a 
measurable space (Q, ~2) such that the o-algebra d contains the points of Q 
is a-finite. Moreover, the quasi-trace measure and the pseudo-trace measure 
of M on every diagonal support coincide. 
Proof: Let (B,*, n E N) be a non-decreasing sequence of finite subsets of 
l-2,: 
u B,*=Q,. 
IleN 
Put B, = B,* u (Q - 52,) (so that lim, _ +m t B, = Q) and 
VA, BE&, 
M,(A x B) = M((A x B) n (B, x B,)) = M((A n B,*) x (Bn B;)). 
Then M is o-finite (Definition 3.1) because M, is obviously extendable to 
the following measure Mk on d @ d : 
VAE&f@O, M;(A)= c M(b) x b’>). 
(o,o’)EAn(B;xB,I) 
Moreover, this shows that, for every diagonal support S = (S* x a) n A, we 
have 
VAEd, M;((AxSZ)nS)= c 
osAnBfn.5 
This implies by Theorem 3.2 that 
VAEd, dA)= 1 M( 
osAnRynS* 
Let (mj, Jo J) be a set of complex measures on (0, &) for which (3) holds. 
From the relation: 
O=M((An(SZ-Q,))x(An(Q-a,)))= 1 Imi(An(D-Q,))(2, 
jeJ 
we deduce that 
VAE~, mj(A) = mi(A n Q,). 
So, the complex measures mj and fij@ mj, jE J, are discrete. 
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From this and the definition of the pseudo-trace measure rn: we obtain 
VAEd, m:(A) = 1 (fii@mj)((A x 52) n S) 
jtf 
=i~J(~jBm,)(((A nQ,w)xQ~)nW 
= I( 1 
jEJ UlEAni2MnS' 
Imj(iw))l") 
= c Mb4 x b4) 
ocAnR,,,nS* 
= ms(A). 
This completes the proof. 
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